Comments on complete actions for open superstring field theory by Matsunaga, Hiroaki
ar
X
iv
:1
51
0.
06
02
3v
2 
 [h
ep
-th
]  
15
 Ju
l 2
01
8
Comments on complete actions for
open superstring field theory
Hiroaki Matsunaga∗
∗Institute of Physics, Academy of Sciences of the Czech Republic,
Na Slovance 2, Prague 8, Czech Republic
Yukawa Institute of Theoretical Physics, Kyoto University,
Kyoto 606-8502, Japan
YITP/15-86
Abstract
We clarify a Wess-Zumino-Witten-like structure including Ramond fields and propose
one systematic way to construct gauge invariant actions: Wess-Zumino-Witten-like complete
action SWZW. We show that Kunitomo-Okawa’s action proposed in arXiv:1508.00366 can
obtain a topological parameter dependence of Ramond fields and belongs to our WZW-like
framework. In this framework, once a WZW-like functional Aη = Aη[Ψ] of a dynamical
string field Ψ is constructed, we obtain one realization of SWZW[Ψ] parametrized by Ψ. On
the basis of this way, we construct an action S˜ whose on-shell condition is equivalent to the
Ramond equations of motion proposed in arXiv:1506.05774. Using these results, we provide
the equivalence of two theories: arXiv:1508.00366 and arXiv:1506.05774.
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1 Introduction
Recently, a field theoretical formulation of superstrings has been moved toward its new phase:
An action and equations of motion including the Neveu-Schwarz and Ramond sectors were
constructed [1,2]. With recent developments [3–10], we have gradually obtained new and certain
understandings of superstring field theories. In the work of [1], a gauge invariant action including
the NS and R sectors was constructed without introducing auxiliary Ramond fields or self-dual
constraints. They started with the Wess-Zumino-Witten-like action1 of the NS Berkovits theory
[12] and coupled it to the R string field ΨR in the restricted small Hilbert space: XY ΨR = ΨR.
The dynamical string field is an amalgam of the NS large field ΦNS and the R restricted small2
field ΨR. While the complete action [1] is given by one extension of WZW-like formulation
[12–17], the other one, the Ramond equations of motion [2], is a natural extension of A∞
formulation for the NS sector [23,24]. The A∞ formulation provides a systematic regularization
procedure of superstring field theory [25, 26] in the early days. This procedure was extended
to the case including Ramond fields and the Ramond equations of motion was constructed by
introducing the concept of Ramond number projections in [2].
In this paper, we focus on these two important works [1] and [2], and discuss some interesting
properties based on Wess-Zumino-Witten-like point of view. Particularly, we investigate the
following three topics and obtain some exact results.
1Note that the starting NS action is that of Z2-reversed theory and has gauge invariance with (δe
Φ)e−Φ =
ηΩ− [(ηeΦ)e−Φ,Ω] +QΛ, which is constructed from not an equation of bosonic pure gauge [15] but an equation
of η-constraint. See also [11] for these Z2-duals for open superstrings with stubs and closed superstrings.
2See [18–22] for other fascinating approaches using Ramond fields in the large Hilbert space.
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1. We show that one can add the t-dependence of Ramond string fields into the complete
action proposed in [1] and make the t-dependence of the action “topological”, which leads
us a natural idea of Wess-Zumino-Witten-like structure including Ramond fields.
2. We clarify a Wess-Zumino-Witten-like structure including Ramond fields and propose a
Wess-Zumino-Witten-like complete action. Then, it is proved that one can carry out all
computation of our action using the properties of pure-gauge-like and associated fields
only. The action proposed in [1] gives one realization of our WZW-like complete action.
3. On the basis of this WZW-like framework, we construct an action whose equations of
motion gives the Ramond equations of motion proposed in [2]. As well as the action
proposed in [1], this action also gives another realization of our WZW-like complete action:
different parameterization of the same WZW-like structure and action.
These facts provide the equivalence of two (WZW-like) theories [1] and [2] on the basis of
the same discussion demonstrated in [3]. Then, we can also read the relation giving a field
redefinition of NS and R string fields with a partial gauge fixing or a trivial uplift by the same
way used in [3, 4] or [5] for the NS sector of open superstrings without stubs.
This paper is organized as follows. First, we introduce a t-dependence of Ramond string
fields and transform the complete action proposed in [1] into the form which has topological
t-dependence in section 1.1. Then, we clarify a Wess-Zumino-Witten-like structure including
Ramond fields. In section 2, we propose a Wess-Zumino-Witten-like complete action. We show
that our WZW-like complete action has so-called topological parameter dependence in section 2.1
and is gauge invariant in 2.2. In particular, these properties all can be proved by computations
based only on the properties of pure-gauge-like fields and associated fields, which is a key point
of our construction. (In other words, to obtain the variation of the action, equations of motion,
and gauge invariance, one does NOT need explicit form or detailed properties of F acting on
ΨR and FΞ satisfying DNSη FΞ + FΞD
NS
η = 1 of [1], which would heavily depend on the set up
of theory. See section 2.4 for a linear map F satisfying FηF−1 = Dη and DηFξ + FξDη = 1.)
In section 3, we construct an action reproducing the same equations of motion as that proposed
in [2]. For this purpose, it is shown that a Wess-Zumino-Witten-like structure naturally arises
from A∞ relations and η-exactness of the small Hilbert space in section 3.2. As well as the
action proposed in [1], this action also gives another realization of our WZW-like complete
action. Utilizing these facts, we discuss the equivalence of two theories [1] and [2] in section 3.3.
We end with some conclusions. Some proofs are in appendix A.
Notation of graded commutators
In this paper, we write [[d1, d1]] for the graded commutator of two operators d1 and d2,
[[d1, d2]] ≡ d1 d2 − (−)
d1d2d2 d1.
Likewise, we write [[A,B]]∗ for the graded commutator of the star product m2(A,B) ≡ A ∗B,
[[A,B]]∗ ≡ m2(A,B)− (−)
ABm2(B,A).
2
The upper index of (−)A or (−)d denotes the grading of the stateA or operator d, namely, its
ghost number. For example, we use [[DNSη , FΞ]] = 1 or [[FΨ
R, FΨR]]∗ = 2m2(FΨ
R, FΨR).
1.1 Complete action and topological t-dependence
In this section, we use the same notation as [1]. First, we show that one can add a parameter
dependence of R string fields into Kunitomo-Okawa’s action, and that the resultant action has
topological parameter dependence. Next, from these computations, we identify a pure-gauge-
like (functional) field ARη and an associated (functional) field A
R
d of the Ramond sector. We end
this section by introducing a Wess-Zumino-Witten-like form of Kunitomo-Okawa’s action.
State space and XY -restriction
First, we introduce the large and small Hilbert spaces. The large Hilbert space H is the state
space whose superconformal ghost sector is spanned by ξ(z), η(z), and φ(z). We write η for the
zero mode η0 and HS for the kernel of η ≡ η0. We call this subspace HS ( H the small Hilbert
space, whose superconformal ghost sector is spanned by β(z) and γ(z). Let Pη is a projector
onto the η-exact states: we can write HS = PηH because η-complex is exact in H. Following
the commutation relation ηξ = 1− ξη for ξ = ξ0 or Ξ of [1], we define a projector Pξ ≡ 1− Pη
onto the not η-exact states. Note also that for any state Φ ∈ H, these projectors act as
Pη + Pξ = 1, P
2
η = Pη , P
2
ξ = Pξ, PηPξ = PξPη = 0,
by definition, and that Pη acts as the identity operator 1 on Φ ∈ HS because of HS ⊂ PηHS.
Next, we consider the restriction of the state space. Let X be a picture-changing operator
which is a Grassmann even and picture number 1 operator defined by X = δ(β0)G0 − b0δ
′(β0),
and let Y be an inverse picture-changing operator which is a Grassmann even and picture number
−1 operator defined by Y = c0δ
′(γ0). These operator satisfy
XYX = X, Y XY = Y, QX = XQ, ηX = Xη.
The restricted space is the state space spanned by the states Ψ ∈ H satisfying XY Ψ = Ψ, on
which the operator XY becomes a projector (XY )2 = XY . The restricted small space HR is
the space spanned by the states Ψ satisfying
XY Ψ = Ψ, ηΨ = 0.
We use this restricted small Hilbert space HR as the state space of the Ramond string field. See
also [27–30]. One can quickly check that when Ψ is in HR, QΨ is also in HR. See (2.25) of [1].
Action
Let ΦNS be a Neveu-Schwarz open string field of the Berkovits theory, which is a Grassmann
even and ghost-and-picture number (0|0) state in the large Hilbert space H, and let ΨR be
a Ramond open string field of [1], which is a Grassmann odd and ghost-and-picture number
(1| − 12) state in the restricted small Hilbert space HR. The kinetic term is given by
S0 = −
1
2
〈ΦNS, QηΦNS〉 −
1
2
〈ξY ΨR, QΨR〉,
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where Q is the BRST operator of open superstrings, 〈A,B〉 is the BPZ inner product of A,B ∈ H
in the large Hilbert space H. As explained in [1], we can use both ξ = ξ0 and ξ = Ξ for the
above ξ in the BPZ inner product. Utilizing NS WZW-like functionals ANSη = (ηe
ΦNS)e−Φ
NS
,
ANSt = (∂te
ΦNS)e−Φ
NS
and the invertible linear map F , the full action is given by
S = −
1
2
〈ξY ΨR, QΨR〉 −
∫ 1
0
dt 〈ANSt (t), QA
NS
η (t) +m2(F (t)Ψ
R, F (t)ΨR)〉,
where m2 is the Witten’s star product m2(A,B) ≡ A ∗B [31] and as well as A
NS
η (t) or A
NS
t (t),
F (t) also satisfies F (t = 0) = 0 and F (t = 1) = F . Note that F has no ghost-and-picture
number and satisfies FηF−1 = DNSη and D
NS
η FΞ + FΞD
NS
η = 1. In this paper, we do not need
the explicit form of F . See [1] or appendix A for the explicit form of F . (See also section 2.4.)
In this Kunitomo-Okawa’s action, only the NS field ΦNS(t) has a parameter dependence and
the R field ΦR does not have it: ∂tΦ
NS(t) 6= 0 and ∂tΨ
R = 0, where a t-parametrized NS field
ΦNS(t) is a path satisfying ΦNS(t = 0) = 0 and ΦNS(t = 1) = ΦNS on the state space. We show
that a complete action of open superstring field theory proposed in [1] can be written as
S = −
∫ 1
0
dt
(
〈ξY ∂tΨ
R(t), QF (t)ΨR(t)〉+ 〈ANSt (t), QA
NS
η (t) +m2
(
F (t)ΨR(t), F (t)ΨR(t)
)
〉
)
(1.1)
using a t-parametrized R field ΨR(t) satisfying ΨR(t = 0) = 0 and ΨR(t = 1) = ΨR. Then, we
also show that t-dependence of (1.1) is topological
δS = −〈ξY δΨR, QFΨR〉 − 〈ANSδ , QA
NS
η +m2(FΨ
R, FΨR)〉. (1.2)
Topological t-dependence
Let Pη be a projector onto the space of η-exact states and let Pξ be a projector defined by
Pξ ≡ 1−Pη . For example, one can use Pη = ηξ and Pξ = ξη where ξ = ξ0 or Ξ. Note that these
projectors Pη and Pξ satisfy Pη + Pξ = 1 on the large Hilbert space H. One can check that
〈ξY ∂tΨ
R(t), QF (t)ΨR(t)〉 = 〈ξY ∂tΨ
R(t), Q(Pη + Pξ)F (t)Ψ
R(t)〉
= 〈ξY ∂tΨ
R(t), QΨR(t)〉+ 〈ξY ∂tΨ
R(t), ηXF (t)ΨR(t)〉
=
∂
∂t
(1
2
〈ξY ΨR(t), QΨR(t)〉
)
− 〈∂tΨ
R(t), F (t)ΨR(t)〉 (1.3)
using Pη(FΨ
R) = ΨR and PηQPξ = ηX. See appendix A for their BPZ properties.
Similarly, as (1.3), using the DNSη -exactness of FΨ
R = DNSη FΞΨ
R and the relation
∂t
(
F (t)ΨR(t)
)
= F (t)∂tΨ
R(t) + F (t)ΞDNSη (t)[[A
NS
t (t), F (t)Ψ
R(t)]]∗,
one can also check that
〈ANSt ,m2
(
F (t)ΨR(t), F (t)ΨR(t)
)
〉 = −
1
2
〈F (t)ΨR(t), [[ANSt (t), F (t)Ψ
R(t)]]∗〉
= −
1
2
〈ΨR(t), F (t)ΞDNSη (t)[[A
NS
t (t), F (t)Ψ
R(t)]]∗〉
= −
1
2
〈ΨR(t), ∂t
(
F (t)ΨR(t)
)
− F (t)∂tΨ
R(t)〉.
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Furthermore, since ηΨR = 0 and thus 〈∂tΨ
R, FΨR〉+ 〈F∂tΨ
R,ΨR〉 = 〈∂tΨ
R,ΨR〉 = 0, we find
〈ANSt (t),m2
(
F (t)ΨR(t), F (t)ΨR(t)
)
〉 = −
1
2
〈ΨR(t), ∂t
(
F (t)ΨR(t)
)
〉+
1
2
〈∂tΨ
R(t), F (t)ΨR(t)〉
=
∂
∂t
(
−
1
2
〈ΨR(t), F (t)ΨR(t)〉
)
+ 〈∂tΨ
R(t), F (t)ΨR(t)〉.
(1.4)
Therefore using 〈ΨR, FΨR〉 = −〈ξYΨR, ηXFΨR〉, we obtain
(1.3) + (1.4) =
1
2
(
〈ξYΨR, QΨR + ηXFΨR〉
)
=
1
2
〈ξYΨR, QFΨR〉.
As a result, our t-integrated form of the action (1.1) becomes
S = −
1
2
〈ξYΨR, QFΨR〉 −
∫ 1
0
dt 〈ANSt (t), QA
NS
η (t)〉,
= −
1
2
〈ξYΨR, QΨR〉 −
∫ 1
0
dt 〈ANSt (t), QA
NS
η (t) +m2
(
F (t)ΨR, F (t)ΨR
)
〉. (1.5)
The second line is the original form used in [1], but we do not use the second line expression to
show that the variation of the action (1.1) is given by (1.2). Translation from the second line to
the first line is in appendix A. Since the variation of the first term of the first line in (1.5) is
δ
(1
2
〈ξYΨR, QFΨR〉
)
= 〈ξY δΨR, QFΨR〉+ 〈ANSδ ,m2(FΨ
R, FΨR)〉,
we obtain (1.2) and the action S has topological t-dependence.
Gauge invariance
Let ΩNS and ΛNS be ghost-and-picture number (−1| − 1) and (−1|0) NS states of the large
Hilbert space H respectively, and let λR be a ghost-and-picture number (0| − 12) R state of the
restricted small Hilbert space HR: ηλ
R = 0 and XY λR = λR. These states naturally appear
in gauge transformations of the action. The action S has gauge invariances: δΩNSS = 0 with
ΩNS-gauge transformations
ANSδ
ΩNS
= ηΩNS − [[ANSη Ω
NS]]∗, δΩNSΨ
R = 0, (1.6)
δΛNSS = 0 with Λ
NS-gauge transformations
ANSδ
ΛNS
= QΛNS +
[
FΨR, FΞ[[FΨR,ΛNS]]∗
]
∗
, δΛNSΨ
R = XηFΞDNSη [[FΨ
R,ΛNS]]∗,
and δλRS = 0 with λ
R-gauge transformations
ANSδ
λR
= −
[
FΨR, FΞλR
]
∗
, δλRΨ
R = QλR −XηFΞλR.
Note also that using a new gauge parameter ΛR defined by
ΛR ≡ FΞ
(
− λR +
[
FΨR,ΛNS
]
∗
)
, (1.7)
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where ΛR belongs to the large Hilbert space and has ghost-and-picture number (−1|12 ), we obtain
a simpler expression of Λ-gauge transformations as follows
ANSδΛ = QΛ
NS +
[
ARη ,Λ
R
]
∗
, (1.8)
δΛΨ
R = −PηQ
(
ηΛR −
[
ANSη ,Λ
R
]
∗
−
[
FΨR,ΛNS
]
∗
)
. (1.9)
Ramond pure-gauge-like field ARη
In the rest of this section, we identify a pure-gauge-like field ARη and associated fields A
R
d in
the Ramond sector and rewrite the action (1.1) into our Wess-Zumino-Witten-like form.
We write ARη for FΨ
R, which is one realization of a Ramond pure-gauge-like field:
ARη ≡ FΨ
R. (1.10)
By definition, the R pure-gauge-like field ARη satisfies D
NS
η A
R
η = 0, namely,
ηARη − [[A
NS
η , A
R
η ]]∗ = 0. (1.11)
As we will explain, the η-exact component PηA
R
η appears in the action and its properties is
important. Since the linear map F satisfies ξF = ξ for ξ = ξ0 or Ξ, we quickly find that
PηA
R
η = Ψ
R,
d(PηA
R
η ) = dΨ
R,
where Pη = ηξ is a projector onto the small Hilbert space HS and d = Q, ∂t, δ is a derivation
operator commuting with η. Then, using PηA
R
η , we can express the XY -projection invariance
of Ramond string fields XYΨR = ΨR by
XY (PηA
R
η ) = PηA
R
η . (1.12)
Note that PηA
R
η ∈ HR. Similarly, we introduce a Ramond associated field A
R
d by
(−)dARd ≡ FΞ
(
dΨR − (−)d[[ANSd , FΨ
R]]∗ − (−)
dη[[d,Ξ]]FΨR
)
. (1.13)
Using properties of F , one can check that the R associated field ARd satisfies
(−)ddARη = ηA
R
d − [[A
NS
η , A
R
d ]]∗ − [[A
R
η , A
NS
d ]]∗, (1.14)
or equivalently, (−)ddARη = D
NS
η A
R
d − [[A
R
η , A
NS
d ]]∗. See appendix A. Then, we obtain
〈ξY ∂tΨ
R, QFΨR〉+ 〈ANSt ,m2(FΨ
R, FΨR)〉 = 〈ξY ∂t(PηA
R
η ), QA
R
η 〉+ 〈A
NS
t ,m2(A
R
η , A
R
η )〉.
Utilizing these expressions, the action becomes
S[ΦNS,ΨR] = −
∫ 1
0
dt
(
〈ξY ∂t(PηA
R
η ), QA
R
η 〉+ 〈A
NS
t , QA
NS
η +m2(A
R
η , A
R
η )〉
)
. (1.15)
Note also that gauge transformation parametrized by Ω = ΩNS +ΩR is given by
ANSδΩ = ηΩ
NS −
[
ANSη ,Ω
NS
]
∗
, δΩ(PηA
R
η ) = 0.
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and gauge transformations parametrized by Λ = ΛNS + ΛR is given by
ANSδΛ = QΛ
NS +
[
ARη ,Λ
R
]
∗
,
δΛ(PηA
R
η ) = −PηQ
(
ηΛR −
[
ANSη ,Λ
R
]
∗
−
[
AR,ΛNS
]
∗
)
,
where we use a R state ΛR, a redefined R gauge parameter,
ΛR ≡ FΞ
(
− λR +
[
ARη ,Λ
NS
]
∗
)
,
which belongs to the large Hilbert space H and has ghost-and-picture number (−1|12 ).
In the work of [1], all computations of the variation of the action, equations of motion, and
gauge invariance heavily depend on the explicit form or properties of the linear map F on ΨR.
However, as we will show in the next section, these all computations are derived from WZW-like
properties of the Ramond sector: (1.11), (1.12), and (1.14).
2 Wess-Zumino-Witten-like complete action
We first summarize Wess-Zumino-Witten-like relations of the NS sector and the R sector sep-
arately, and show that these relations indeed provide the topological parameter dependence of
the action. Second, coupling NS and R, we give a Wess-Zumino-Witten-like complete action and
prove that the gauge invariance of the action is also derived from the WZW-like relations. Lastly,
we introduce a notation unifying separately given results of NS and R sectors, and another form
of the action, which we call a single functional form.
2.1 WZW-like structure and XY -projection
Let ϕ is a dynamical string field. We write ϕ(t) for a path satisfying ϕ(0) = 0 and ϕ(1) = ϕ.
Neveu-Schwarz sector
An NS pure-gauge-like (functional) field ANSη = A
NS
η [ϕ] is a ghost-and-picture number (1|−1)
state satisfying
ηANSη −
1
2
[[ANSη ,A
NS
η ]]∗ = 0. (2.1)
Let d be a derivation operator satisfying [[d, η]] = 0, and let (dg|dp) be ghost-and-picture number
of d. For example, one can take d = Q, ∂t, δ. An NS associated (functional) field A
NS
d = A
NS
d [ϕ]
is a ghost-and-picture number (dg|dp) state satisfying
(−)ddANSη = ηA
NS
d − [[A
NS
η ,A
NS
d ]]∗
≡ DNSη A
NS
d . (2.2)
By definition of (2.1) and (2.2), one can check that the relation
DNSη
(
d1A
NS
d2 − (−)
d1d2d2A
NS
d1 − (−)
d1d2
[
ANSd1 ,A
NS
d2
]
∗
)
= 0 (2.3)
holds when two derivations d1 and d2 satisfy [[d1, d2]] ≡ d1d2 − (−)
d1d2d2d1 = 0.
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Utilizing these (functional) fields, an NS action is given by
SNS[ϕ] = −
∫ 1
0
dt 〈ANSt [ϕ(t)], QA
NS
η [ϕ(t)]〉. (2.4)
Note that ANSη [ϕ(t)] is a functional of the path ϕ(t), and t-dependence of the action is fixed by
that of ϕ(t). It is known that the variation of the NS action is given
δSNS[ϕ] = −〈ANSδ [ϕ], QA
NS
η [ϕ]〉, (2.5)
which we call the topological parameter dependence of WZW-like action. See [3, 5, 11,15].
Ramond sector
An R pure-gauge-like (functional) field ARη = A
R
η [ϕ] is a ghost-and-picture number (1| −
1
2)
state satisfying
ηARη − [[A
NS
η ,A
R
η ]]∗ = 0, (2.6)
or equivalently, DNSη A
R
η = 0. Let d be a derivation operator satisfying [[d, η]] = 0, and let (dg|dp)
be ghost-and-picture number of d. For example, we can take d = Q, ∂t, δ. An R associated
(functional) field ARd = A
R
d [ϕ] is a ghost-and-picture number (dg|dp +
1
2) state satisfying
(−)ddARη = ηA
R
d − [[A
NS
η ,A
R
d ]]∗ − [[A
R
η ,A
NS
d ]]∗, (2.7)
namely, (−)ddARη = D
NS
η A
R
d − [[A
R
η ,A
NS
d ]]∗.
As we will show, utilizing these fields and assuming XY -projection invariance of PηA
R
η
XY (PηA
R
η ) = PηA
R
η , (2.8)
or equivalently XY (ξARη ) = ξA
R
η when Pη = ηξ holds, one can construct a gauge invariant action
Wess-Zumino-Witten-likely, whose parameter dependence is topological. We propose that an R
action is given by
SR[ϕ] = −
∫ 1
0
dt
(
〈ξY ∂t(PηA
R
η [ϕ(t)]), QA
R
η [ϕ(t)]〉 + 〈A
NS
t [ϕ(t)],m2(A
R
η [ϕ(t)],A
R
η [ϕ(t)])〉
)
.
This SR is Wess-Zumino-Witten-like. In other words, SR has topological t-dependence
δSR[ϕ] = −〈ξY δ(PηA
R
η [ϕ]), QA
R
η [ϕ]〉 − 〈A
NS
δ [ϕ],m2(A
R
η [ϕ],A
R
η [ϕ])〉. (2.9)
Topological t-dependence of SR
First, we consider the variation of the first term of SR. This term consists of two ingredients:∫ 1
0
dt 〈ξY ∂t(PηA
R
η ), QA
R
η 〉 =
∫ 1
0
dt
(
〈ξY ∂t(PηA
R
η ), Q(PηA
R
η )〉 − 〈∂t(PηA
R
η ),A
R
η 〉
)
.
We can quickly find that the first part has topological t-dependence
δ〈ξY ∂t(PηA
R
η ), Q(PηA
R
η )〉 = 〈
∂
∂t
{
ξY δ(PηA
R
η )
}
, Q(PηA
R
η )〉+ 〈ξY ∂t(PηA
R
η ), Qδ(PηA
R
η )〉
=
∂
∂t
〈ξY δ(PηA
R
η ), Q(PηA
R
η )〉
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since using (2.8), ξQ−X = −Qξ, and 〈∂t(PηA
R
η ), δ(PηA
R
η )〉 = 0, the following relation holds
〈ξY ∂t(PηA
R
η ), Qδ(PηA
R
η )〉 = 〈(ξQ−X)Y ∂t(PηA
R
η ),XY δ(PηA
R
η )〉
= 〈Q∂t(PηA
R
η ), ξY δ(PηA
R
η )〉
= 〈ξY δ(PηA
R
η ),
∂
∂t
{
Q(PηA
R
η )
}
〉.
Note however that the variation of the second ingredient provides an extra term
δ〈∂t(PηA
R
η ),A
R
η 〉 = 〈
∂
∂t
{
δ(PηA
R
η )
}
,ARη 〉+ 〈∂t(PηA
R
η ), δA
R
η 〉
=
∂
∂t
〈δ(PηA
R
η ),A
R
η 〉 − 〈δ(PηA
R
η ), ∂tA
R
η 〉+ 〈∂t(PηA
R
η ), δA
R
η 〉
=
∂
∂t
〈δ(PηA
R
η ),A
R
η 〉 − 〈δA
R
η , ∂tA
R
η 〉.
Here, we used Pη +Pξ = 1 and 〈∂t(PηA
R
η ), δA
R
η 〉 = 〈∂tA
R
η , δ(PξA
R
η )〉 = −〈δ(PξA
R
η ), ∂tA
R
η 〉. As a
result, the variation of the first term of SR is given by
δ
∫ 1
0
dt 〈ξY ∂t(PηA
R
η ), QA
R
η 〉 = 〈ξY δ(PηA
R
η ), QA
R
η 〉+
∫ 1
0
dt 〈δARη , ∂tA
R
η 〉. (2.10)
Second, we compute the variation of the second term of SR. Using (2.3), (2.7) for d = ∂t, δ,
and Jacobi identities of the commutator, we obtain
δ〈ANSt ,m2(A
R
η ,A
R
η )〉 = 〈δA
NS
t ,m2(A
R
η ,A
R
η )〉+ 〈A
NS
t , [[A
R
η , δA
R
η ]]∗〉
= 〈∂ANSδ ,m2(A
R
η ,A
R
η )〉+ 〈[[A
NS
t ,A
NS
δ ]]∗,m2(A
R
η ,A
R
η )〉+ 〈A
NS
t , [[A
R
η , δA
R
η ]]∗〉
=
∂
∂t
〈ANSδ ,m2(A
R
η ,A
R
η )〉 − 〈A
NS
δ , [[A
R
η , ∂tA
R
η ]]∗〉
− 〈[[ANSδ ,A
NS
t ]]∗,m2(A
R
η ,A
R
η )〉+ 〈δA
R
η , [[A
R
η ,A
NS
t ]]∗〉
=
∂
∂t
〈ANSδ ,m2(A
R
η ,A
R
η )〉 −
1
2
〈[[ANSδ ,A
NS
t ]]∗, [[A
R
η ,A
R
η ]]∗〉
+ 〈[[ARη ,A
NS
δ ]]∗, ∂tA
R
η 〉+ 〈δA
R
η , [[A
R
η ,A
NS
t ]]∗〉
=
∂
∂t
〈ANSδ ,m2(A
R
η ,A
R
η )〉 − 〈[[A
R
η ,A
NS
δ ]]∗, [[A
R
η ,A
NS
t ]]∗〉
+
(
〈DNSη A
R
δ , [[A
R
η ,A
NS
t ]]∗〉+ 〈[[A
R
η ,A
NS
δ ]]∗,D
NS
η A
R
t ]]∗〉
)
In particular, from the forth line to the last line, we applied
〈[[ARη ,A
NS
δ ]]∗, ∂tA
R
η 〉 = 〈[[A
R
η ,A
NS
δ ]]∗,D
NS
η A
R
t − [[A
R
η ,A
NS
t ]]∗〉
= 〈[[ARη ,A
NS
δ ]]∗,D
NS
η A
R
t ]]∗〉 − 〈[[A
R
η ,A
NS
δ ]]∗, [[A
R
η ,A
NS
t ]]∗〉.
〈δARη , [[A
R
η ,A
NS
t ]]∗〉 = 〈D
NS
η A
R
δ − [[A
R
η ,A
NS
δ ]]∗, [[A
R
η ,A
NS
t ]]∗〉
= 〈[[ARη ,A
NS
δ ]]∗,D
NS
η A
R
t 〉 − 〈[[A
R
η ,A
NS
δ ]]∗, [[A
R
η ,A
NS
t ]]∗〉.
−
1
2
〈[[ANSδ ,A
NS
t ]]∗, [[A
R
η ,A
R
η ]]∗〉 =
1
2
〈ANSδ ,
[
[[ARη ,A
R
η ]]∗,A
NS
t
]
∗
〉 = −〈ANSδ ,
[
[[ARη ,A
R
t ]]∗,A
NS
η
]
∗
〉
= 〈[[ARη ,A
NS
δ ]]∗, [[A
R
η ,A
NS
t ]]∗〉.
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As a result, the variation of the second term of SR is given by
δ
∫ 1
0
dt 〈ANSt ,m2(A
R
η ,A
NS
η )〉 = 〈A
NS
δ ,m2(A
R
η ,A
R
η )〉 −
∫ 1
0
dt 〈δARη , ∂tA
R
η 〉 (2.11)
because of the following relation
〈δARη , ∂tA
R
η 〉 = 〈D
NS
η A
R
δ − [[A
R
η ,A
NS
δ ]]∗,D
NS
η A
R
t − [[A
R
η ,A
NS
t ]]〉
= 〈[[ARη ,A
NS
δ ]]∗, [[A
R
η ,A
NS
t ]]∗〉 −
(
〈DNSη A
R
δ , [[A
R
η ,A
NS
t ]]∗〉+ 〈[[A
R
η ,A
NS
δ ]]∗,D
NS
η A
R
t 〉
)
.
Hence, (2.10) plus (2.11) provides that SR has topological t-dependence (2.9).
2.2 WZW-like complete action
We propose a Wess-Zumino-Witten complete action and show its gauge invariance on the basis
of WZW-like relations (2.1 - 2.3) and (2.6 - 2.8).
Action and equations of motion
We propose that a Wess-Zumino-Witten-like complete action is given by
Swzw[ϕ] ≡ S
NS[ϕ] + SR[ϕ]
= −
∫ 1
0
dt
(
〈ξY ∂t(PηA
R
η ), QA
R
η 〉+ 〈A
NS
t , QA
NS
η +m2(A
R
η ,A
R
η )〉
)
. (2.12)
Here, ϕ is a dynamical string field of the theory and A
NS/R
η = A
NS/R
η [ϕ(t)] and ANSt = A
NS
t [ϕ(t)]
are functionals of the path ϕ(t) satisfying ϕ(0) = 0 and ϕ(1) = ϕ. Since SNS and SR have
topological t-dependence, the variation of the action SWZW is given by
−δSwzw[ϕ] = 〈ξY δ(PηA
R
η ), QA
R
η 〉+ 〈A
NS
δ , QA
NS
η +m2(A
R
η ,A
R
η )〉, (2.13)
where A
NS/R
η = A
NS/R
η [ϕ] and ANSt = A
NS
δ [ϕ] are functionals of the dynamical string field ϕ,
which is the end point of the path ϕ(1). We therefore obtain the equations of motion
NS : QANS[ϕ] +m2(A
R
η [ϕ],A
R
η [ϕ]) = 0, (2.14)
R : Pη
(
QARη [ϕ]
)
= 0. (2.15)
Let ΛNS, ΛR, and ΩNS be NS, R, and NS gauge parameter fields which have ghost-and-
picture number (−1|0), (−1|12 ), and (−1|1), respectively. These Λ
NS, ΛR, and ΩNS all belong to
the large Hilbert space. The action is invariant under two types of gauge transformations: the
gauge transformations parametrized by Λ = ΛNS + ΛR
ANSδΛ = QΛ
NS +
[
ARη ,Λ
R
]
∗
, (2.16)
δΛ(PηA
R
η ) = −PηQ
(
ηΛR −
[
ANSη ,Λ
R
]
∗
−
[
ARη ,Λ
NS
]
∗
)
, (2.17)
and the gauge transformations parametrized by Ω = ΩNS
ANSδΩ = ηΩ
NS −
[
ANSη ,Ω
NS
]
∗
, δΩ(PηA
R
η ) = 0. (2.18)
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Λ-gauge invariance
The Λ-gauge transformations of the action is given by
−δΛSwzw = 〈ξY δΛ(PηA
R
η ), QA
R
η 〉+ 〈A
NS
δΛ
, QANSη +m2(A
R
η ,A
R
η )〉. (2.19)
We show that δΛSWZW = 0 with Λ-gauge transformations of fields
ANSδΛ = QΛ
NS +
[
ARη ,Λ
R
]
∗
,
δΛ(PηA
R
η ) = −PηQ
(
ηΛR −
[
ANSη ,Λ
R
]
∗
−
[
ARη ,Λ
NS
]
∗
)
,
where ΛNS is an NS gauge parameter carrying ghost-and-picture number (−1|0) and ΛR is a
R gauge parameter carrying ghost-and-picture number (−1|12 ). Note that these Λ
NS and ΛR
belong to the large Hilbert space H but δΛ(PηA
R
η ) has to be in the restricted one HR.
First, we consider the first term of (2.19) with (2.17). This term consists of two ingredients,
〈ξY δΛ(PηA
R
η ), QA
R
η 〉 = 〈ξY δΛ(PηA
R
η ), Q(Pη + Pξ)A
R
η 〉
= 〈ξY δΛ(PηA
R
η ), QXY (PηA
R
η )〉 − 〈δΛ(PηA
R
η ), PξA
R
η 〉
= 〈ξQδΛ(PηA
R
η ), Y (PηA
R
η )〉 − 〈δΛ(PηA
R
η ), PξA
R
η 〉. (2.20)
Here, we used δ(PηA
R
η ) = Pη(δPηA
R
η ), XY (δPηA
R
η ) = δ(XY PηA
R
η ), and XY (PηA
R
η ) = PηA
R
η .
Since the first ingredient of (2.20) with Λ-gauge transformations (2.17) becomes
〈ξQδΛ(PηA
R
η ), Y (PηA
R
η )〉 = −〈ξQPηQ
(
DNSη Λ
R −
[
ARη ,Λ
NS
]
∗
)
, Y (PηA
R
η )〉
= 〈PξQξQ
(
DNSη Λ
R −
[
ARη ,Λ
NS
]
∗
)
, Y (PηA
R
η )〉
= 〈Q
(
DNSη Λ
R −
[
ARη ,Λ
NS
]
∗
)
, PηA
R
η 〉
and the second ingredient of (2.20) with Λ-gauge transformations (2.17) becomes
−〈δΛ(PηA
R
η ), PξA
R
η 〉 = 〈PηQ
(
DNSη Λ
R −
[
ARη ,Λ
NS
]
∗
)
, PξA
R
η 〉
= 〈Q
(
DNSη Λ
R −
[
ARη ,Λ
NS
]
∗
)
, PξA
R
η 〉,
we obtain
〈ξY δΛ(PηA
R
η ), QA
R
η 〉 = 〈ξQδΛ(PηA
R
η ), Y (PηA
R
η )〉 − 〈δΛ(PηA
R
η ), PξA
R
η 〉
= 〈Q
(
DNSη Λ
R −
[
ARη ,Λ
NS
]
∗
)
, PηA
R
η + PξA
R
η 〉
= −〈DNSη Λ
R −
[
ARη ,Λ
NS
]
∗
, QARη 〉. (2.21)
Next, we compute the second term of (2.19) with (2.16). Using Q2 = 0,
[
[[ARη ,A
R
η ]]∗,A
R
η
]
∗
=
0, and DNSη A
R
η = 0, we quickly find that
〈ANSδΛ , QA
NS
η +m2(A
R
η ,A
R
η )〉 = 〈QΛ
NS +
[
ARη ,Λ
R
]
∗
, QANSη +m2(A
R
η ,A
R
η )〉
= 〈
[
ARη ,Λ
R
]
∗
, QANSη 〉+ 〈QΛ
NS,m2(A
R
η ,A
R
η )〉
= −〈
[
ARη ,Λ
R
]
,DNSη A
NS
Q 〉 − 〈Λ
NS,
[
ARη , QA
R
η
]
∗
〉
= 〈DNSη Λ
R,
[[
ARη ,A
NS
Q
]
∗
〉 − 〈
[
ARη ,Λ
NS
]
∗
, QARη 〉.
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The property (2.7) of the R pure-gauge-like field −QARη = D
NS
η A
R
Q −
[
ARη ,A
NS
Q
]
∗
gives
DNSη
(
QARη −
[
ARη ,A
NS
Q
]
∗
)
= 0.
Hence, we obtain
〈ANSδΛ , QA
NS
η +m2(A
R
η ,A
R
η )〉 = 〈D
NS
η Λ
R −
[
ARη ,Λ
NS
]
∗
, QARη 〉, (2.22)
which just cancels (2.21), and we conclude δΛSwzw = (2.21) + (2.22) = 0 with (2.16) and (2.17).
Ω-gauge invariance
The Ω-gauge transformation of the action Swzw is given by
−δΩSwzw = 〈ξY δΩ(PηA
R
η ), QA
R
η 〉+ 〈A
NS
δΩ
, QANSη +m2(A
R
η ,A
R
η )〉. (2.23)
One can show that δΩSwzw = 0 with Ω-gauge transformations of fields
ANSδΩ = ηΩ
NS −
[
ANSη ,Ω
NS
]
∗
−
[
ARη ,Ω
R
]
∗
, (2.24)
δΩ(PηA
R
η ) = −PηQ
(
ηΩR −
[
ANSη ,Ω
R
]
∗
)
, (2.25)
where ΩNS is an NS gauge parameter carrying ghost-and-picture number (−1|1), ΩR is a R
gauge parameter carrying ghost-and-picture number (−1|12 ), and both Ω
NS and ΩR belong to
the large Hilbert space. Note, however, that since R gauge parameters ΩR and ΛR have the
same ghost-and-picture number (−1|12 ), we can not distinguish these two parameters. As a
result, ΩR-gauge transformation is absorbed into ΛR-gauge transformation (2.17) and Ω-gauge
transformations (2.24) and (2.25) reduces to (2.18):
ANSδΩ = ηΩ
NS −
[
ANSη ,Ω
NS
]
∗
, δΩ(PηA
R
η ) = 0.
Then, using QANSη = −D
NS
η A
NS
Q and D
NS
η A
R
η = 0, we quickly find that
−δΩSwzw = 〈D
NS
η Ω
NS, QANSη +m2(A
R
η ,A
R
η )〉 = 0.
Therefore, the action Swzw is invariant under Ω-gauge transformations (2.18).
2.3 Unified notation
We introduce a notation which is useful to unify the results of NS and R sectors. Then, the
concept of Ramond number projections proposed in [2] naturaly appears. We say Ramond
number of the k-product Mk is n when number of R imputs of Mk minus number of R output
of Mk equals to n. The symbol Mk|n denotes the k-product projected onto Ramond number n.
For example, R number 0 and 2 projection of the star product m2 are
〈NS + R, m2|0(NS + R,NS + R)〉 = 〈NS, m2(NS,NS)〉+ 〈R, m2(NS,R) +m2(R,NS)〉,
〈NS + R, m2|2(NS + R,NS + R)〉 = 〈NS, m2(R,R)〉.
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It is helpful to specify whether the (output) state A is NS or R. We write A|NS for the NS
(output) state and A|R for the R (output) state. For example, for the sum of NS and R states
(NS + R)|NS = NS, (NS + R)|R = R.
Then, we can write as follows:
m2(NS + R,NS + R)
∣∣NS
0
= m2(NS,NS), m2(NS + R,NS + R)
∣∣R
0
=
[
NS,R
]
∗
,
m2(NS + R,NS + R)
∣∣NS
2
= m2(R,R), m2(NS + R,NS + R)
∣∣R
2
= 0.
Pure-gauge-like fields and associated fields
We can introduce a pure-gauge-like (functional) field including both NS and R sectors
Aη[ϕ] ≡ A
NS
η [ϕ] +A
R
η [ϕ] (2.26)
such that Aη = Aη[ϕ] satisfies
DηAη ≡ ηAη −m2|0(Aη,Aη) = 0. (2.27)
In section 3.2, we will explain that DηB ≡ η −m2|0(Aη, B) − (−)
BAηm2|0(B,Aη) is naturally
induced from the A∞ products of the WZW-like action: η −m2|0, which is a dual of Q+m2|2.
Note that NS and R out-puts of DηAη = 0 give
NS :
(
DηAη
)∣∣NS ≡ ηANSη −m2(ANSη ,ANSη ) = 0,
R :
(
DηAη
)∣∣R ≡ ηARη − [ANSη ,ARη ] ∗ = 0,
which are just the defining equations of NS and R pure-gauge-like fields (2.1) and (2.6) respec-
tively3. Similarly, we can also define an associated field of d including both sector
Ad[ϕ] ≡ A
NS
d [ϕ] +A
R
d [ϕ] (2.28)
such that Ad = Ad[ϕ] satisfies
(−)ddAη = DηAd, (2.29)
whose NS out-put ((−)ddAη = DηAd)|
NS and R out-put ((−)ddAη = DηAd)|
R just provide the
defining equations of NS and R pure-gauge-like (functional) fields (2.1) and (2.6) respectively
NS : (−)ddANSη = ηA
NS
d − [[A
NS
η ,A
NS
d ]]∗,
R : (−)ddARη = ηA
R
d − [[A
NS
η ,A
R
d ]]∗ − [[A
R
η ,A
NS
d ]]∗.
Note that in this case, we should take d such that [[d, η − m2|0]]: for example, d = ∂t, δ, and
Q+m2|2. See section 3.2 for details and for a quick proof of [[η −m2|0, Q+m2|2]] = 0.
3The difference between Dη and D
NS
η is whether it includes the R-number projection on m2 or not. While
it seems to be trivial for associative open string field theory, it would be highly nontrivial for closed string field
theory or generic (nonassociative) open string field theory: R-number projections on {mn}
∞
n=2 should be cralified.
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Action and equations of motion
In this notation, our Wess-Zumino-Witten-like complete action is given by
Swzw[ϕ] = −
∫ 1
0
dt 〈A∗t , QAη +m2|2(Aη,Aη)〉, (2.30)
where the associated (functional) field A∗t = A
∗
t [ϕ] is defined by
A∗t ≡ A
NS
t + ξY ∂t(PηA
R
η ), (2.31)
whose role is explained in section 2.4. Note that the projection onto Ramond number 2 states
implies m2|2(Aη,Aη) = m2(A
R
η ,A
R
η ) for A
NS
t and m2|2(Aη,Aη) = 0 for ξY ∂t(PηA
R
η ). Then,
the variation of the action becomes δSwzw = −〈A
∗
δ , QAη + m2|2(Aη,Aη)〉 with A
∗
δ ≡ A
NS
δ +
ξY δ(PηA
R
η ) and the equations of motion is given by
QAη[ϕ] +m2|2(Aη[ϕ],Aη [ϕ]) = 0, (2.32)
which reproduces NS and R equations of motion (2.14) and (2.15) by NS and R out-puts pro-
jections respectively. When we consider another parametrization of the action and its relation
to the parametrization given in section 1.1, this notation would be useful.
2.4 Single functional form
As we showed, two or more types of functional fields Aη = Aη[ϕ], At = At[ϕ] appear in the
WZW-like action. Their algebraic relations make computations easy, but, at the same time,
give constraints on these functional fields: The existence of many types of (functional) fields
satisfying constraint equations would complicate its gauge fixing problem. In the rest of this
section, we show that one can rewrite the WZW-like action into a form which consists of a single
functional field Aη = Aη[ϕ] and elementary operators.
We notice that in the first line of (1.5), while the R term consists of a single functional field
ARη and operators {Q, η, ξ, Y }, the NS term includes not only A
NS
η but A
NS
t . We thus prove
that the NS action SNS has a single functional form. Recall that the operator Fξ is BPZ even
and the derivation Dη is BPZ odd because η is BPZ odd and ξ is given by Pη = ηξ. Since
DηFξ+FξDη = 1 and DηFξDη = Dη hold, the relation QA
NS
η = −DηA
NS
Q and (Dη)
2 = 0 yield
〈ANSt , QA
NS
η 〉 = 〈(FξDη +DηFξ)A
NS
t , QA
NS
η 〉 = 〈Fξ(DηA
NS
t ), QA
NS
η 〉
= 〈Fξ(∂tA
NS
η ), QA
NS
η 〉 = −〈∂tA
NS
η , F ξ(QA
NS
η )〉.
Here, we used not DNSη but Dη: Both work well. One can check that [[Dη , F ξ]] = 1, ξF = ξ,
and so on in the completely same manner as those of [[DNSη , F ξ]] = 1 and so on, if we use the
following definition of F , which is independent4 of our choice of dynamical string fields,
F ≡
∞∑
n=0
[
ξ(η −Dη)
]n
. (2.33)
4We would like to emphasise that one can define this linear operator F provided that the A∞ products is
identified: In this paper, it is η −m2|0, which is the dual of Q +m2|2. Dη is the 1-slot shifted product which is
generated by the Maurer-Cartan element Aη of the A∞ products. See section 3.2.
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This F consists of Aη, ξ, η, and η−m2|0. We can rewrite the action into a form which consists
of single WZW-like functional ANSη and operators Q, η, ξ, ∂t, η −m2|0 as follows
SNS[ϕ] = −
∫ 1
0
dt 〈ANSt , QA
NS
η 〉 =
∫ 1
0
dt 〈∂tA
NS
η , F ξQA
NS
η 〉
=
∫ 1
0
dt
∞∑
n=0
〈∂tA
NS
η , ξ
[
(η −Dη)ξ
]n
QANSη 〉. (2.34)
One can quickly find that this single functional form SNS =
∫ 1
0 dt〈∂tA
NS
η , F ξQA
NS
η 〉 also has
topological t-dependence, δSNS = 〈δA
NS
η , F ξQA
NS
η 〉. Note that from the above definition of F ,
the following relation holds:[
d, Fξ
]]
= −Fξ
[
d,Dη
]
Fξ +
[
Dη , F ξdFξ
]
= Fξ
[
dAη,
]
∗
Fξ +
[
Dη, F ξdFξ
]]
. (2.35)
It implies that we can convert the graded commutator of operators
[
d, Fξ
]]
into that of the star
product Fξ
[
dAη,
]
∗
Fξ in the inner product of two Dη-exact states. Using this relation, one
can quickly find that as well as the original WZW-like one, this single functional form also has
the topological t-dependence. In the following computations, we write Aη for A
NS
η because both
computations are same and our goal is to obtain a single form of the complete action (2.30).
The variation of the NS action is given by
δS[ϕ] =
∫ 1
0
dt
(
〈∂t(δAη), F ξQAη〉+ 〈∂tAη, δ(FξQAη)〉
)
= 〈δAη, F ξQAη〉+
∫ 1
0
dt
[
〈∂tAη, δ(FξQAη)〉 − 〈δAη , ∂t(FξQAη)〉
]
.
The integrand of the second term of the second line 〈∂tAη, δ(FξQAη)〉 − 〈δAη, ∂t(FξQAη)〉,
which is the extra term, becomes[
〈∂tAη, F ξQ(δAη)〉 − 〈δAη, F ξQ(∂tAη)〉
]
− 〈∂tAη, F ξ[[δ,Dη ]]FξQAη〉+ 〈δAη , F ξ[[∂t,Dη]]FξQAη〉
= −〈δAη, [[Q,Fξ]]∂tAη〉+ 〈∂tAη,
[
δ, Fξ
]]
QAη〉 − 〈δAη ,
[
∂t, F ξ
]
QAη〉
= −〈δAη, [[Q,Fξ]]∂tAη〉 − 〈∂tAη, F ξ
[
δAη , F ξQAη
]
∗
〉+ 〈δAη , F ξ
[
∂tAη, F ξQAη
]
∗
〉
= −〈δAη, [[Q,Fξ]]∂tAη〉+ 〈δAη , F ξ
[
QAη, F ξ∂tAη
]
∗
〉 = 0.
Therefore, we obtain δS = 〈δAη , F ξQAη〉.
Single functional form
Similarly, we can write the following form of the action using single WZW-like functional
Aη = A
NS
η +A
R
η and operators Q+m2|2, ξ, ∂t, η −m2|0,
Swzw[ϕ] =
∫ 1
0
dt 〈∂tAη, (Fξ + ξY )
[
QAη +m2|2(Aη,Aη)
]
〉. (2.36)
Note that 〈NS,R〉 = 〈R,NS〉 = 0 and that 〈A,B〉 = 0 when the sum of ghost-and-picture
numbers of A and B is not (2| − 1). Its t-dependence is again topological:
δSwzw[ϕ] = 〈δAη , (Fξ + ξY )
[
QAη +m2|2(Aη,Aη)
]
〉. (2.37)
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From this form, we find that the associated (functional) field A∗t appearing in the action is
A∗t = (Fξ + Y ξ)∂tAη, (2.38)
which consists of a single functional field Aη and operators. It enable us to rewrite the action
into a single functional form and reminds us constraints on the state space spanned by Aη:
ηAη −m2|0(Aη,Aη) = 0, which yields dAη = DηFξ(dAη), and ξA
R
η = XY ξA
R
η .
3 Another parametrization
We use the same notation as [2] in this section. Readers who are unfamiliar with A∞ algebras or
coalgebraic computations see, for example, [2–5,11,23,24,48] or other mathematical manuscripts
[32–34]. In the work of [2], the on-shell conditions of superstring field theories are proposed. For
open superstring field theory, it is given by
pi1
(
Q+m2|2
)
Ĝ
1
1− Ψ˜
= 0, (3.1)
where Ψ˜ = Ψ˜NS + Ψ˜R is an NS plus R string field, Q is the BRST operator, and m2|2 denotes
the star product m2 with R number 2 projection. pi1 denotes the projection onto the single state
space H from T (H) =
⊕
nH
⊗n. Note that NS and R out-puts of (3.1) are given by
NS : Qpi1Ĝ
1
1− Ψ˜
∣∣∣NS +m2(pi1Ĝ 1
1− Ψ˜
∣∣∣R, pi1Ĝ 1
1− Ψ˜
∣∣∣R) = 0, (3.2)
R : Qpi1Ĝ
1
1− Ψ˜
∣∣∣R = 0. (3.3)
Note also that in general, the cohomomorphism Ĝ is constructed by the path-ordered exponential
(with direction) of a gauge product µ(t), a coderivation, as follows
Ĝ ≡ P exp
[ ∫ t
0
dt′ µ(t′)
]
. (3.4)
In this paper, we always use Ĝ given in [2]. In [2], the gauge product µ(t) consists of R
number 0 projected objects. Therefore, pi1Ĝ has at most one Ramond state in its in-puts.
3.1 Another parametrization of the WZW-like complete action
In this section, we define pure-gauge-like and associated fields parametrized by Ψ˜ = Ψ˜NS + Ψ˜R
and construct a gauge invariant action, whose equations of motion equals to (3.1), the Ramond
equations of motion proposed in [2]. The proofs of required properties are in section 3.2.
Parametrization inspired by Ramond equations of motion
We can construct an NS pure-gauge-like (functional) field A˜NSη = A˜
NS
η [Ψ˜] by
A˜NSη ≡ pi1Ĝ
1
1− Ψ˜
∣∣∣NS = pi1Ĝ 1
1− Ψ˜NS
, (3.5)
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and a R pure-gauge-like (functional) field A˜Rη = A˜
NS
η [Ψ˜] by
A˜Rη ≡ pi1Ĝ
1
1− Ψ˜
∣∣∣R = pi1Ĝ( 1
1− Ψ˜NS
⊗ Ψ˜R ⊗
1
1− Ψ˜NS
)
. (3.6)
These pure-gauge-like fields are parametrized by NS and R string field Ψ˜ = Ψ˜NS + Ψ˜R. While
the NS string field Ψ˜ is a Grassmann odd and ghost-and-picture number (1| − 1) state in the
small Hilbert space HS, the R string field Ψ˜
R is a Grassmann odd and ghost-and-picture number
(1| − 12) state in the restricted small Hilbert space HR. Hence, Ψ˜
NS ∈ HS and Ψ˜
R ∈ HR satisfy
η Ψ˜NS = 0, η Ψ˜R = 0, XY Ψ˜R = Ψ˜R.
Note that A˜NSη has ghost-and-picture number (1| − 1) and A˜
R
η has ghost-and-picture number
(1| − 12 ) by construction. As we will see in section 3.2, one can check that A˜
NS
η and A˜
R
η satisfy
the defining properties of pure-gauge-like fields:
NS : ηA˜NSη −m2|0(A˜
NS
η , A˜
NS
η ) = 0, (3.7)
R : ηA˜Rη −m2|0(A˜
NS
η , A˜
R
η )−m2|0(A˜
R
η , A˜
NS
η ) = 0. (3.8)
Let d be a derivation operator commuting with η. For example, one can take d = Q, ∂t, δ. Then,
with these pure-gauge-like fields A˜NSη [Ψ˜], A˜
R
η [Ψ˜] parametrized by small Hilbert space string fields
Ψ˜, an NS associated (functional) field A˜NSd = A˜
NS
d [Ψ˜] defined by
A˜NSd ≡ pi1Ĝ
(
ξd
1
1− Ψ˜
)∣∣∣NS (3.9)
and a R associated (functional) field A˜Rd = A˜
R
d [Ψ˜] defined by
A˜Rd ≡ pi1Ĝ
(
ξd
1
1− Ψ˜
)∣∣∣R (3.10)
satisfy the defining properties of associated fields:
(−)dd A˜NSη = ηA˜
NS
d −
[
A˜NSη , A˜
NS
d
]
∗
, (3.11)
(−)dd A˜Rη = ηA˜
R
d −
[
A˜NSη , A˜
R
d
]
∗
−
[
A˜Rη , A˜
NS
d
]
∗
, (3.12)
which we prove in section 3.2. Once the defining properties (3.7), (3.8), (3.11), and (3.12)
are proved using pure-gauge-like fields A˜NSη , A˜
R
η defined by (3.5), (3.6) and associated fields
A˜NSd , A˜
R
d defined by (3.9), (3.10), we can construct a gauge invariant action on the basis of
Wess-Zumino-Witten-like framework proposed in section 2.
Consistency with the XY-projection
To apply our WZW-like framework, we need the XY -projection invariance of PηA˜
R
η
XY (PηA˜
R
η ) = PηA˜
R
η . (3.13)
Unfortunately, for any choice of cohomomorphism Ĝ, the R pure-gauge-like field A˜Rη defined by
(3.6) does not satisfy this property. Note, however, that if we can take Ĝ satisfying
ξ Ĝ = ξ (3.14)
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on the R out-put state, then the R pure-gauge-like (functional) field A˜Rη [Ψ˜] defined by (3.6)
automatically satisfy (3.13) because
XY (PηA˜
R
η ) = XY Pη pi1Ĝ
1
1− Ψ˜
∣∣∣R = XY η pi1ξĜ 1
1− Ψ˜
∣∣∣R
= XY Pη pi1
1
1− Ψ˜
∣∣∣R = XY PηΨ˜R = PηΨ˜R = PηA˜Rη ,
with XY Ψ˜R = Ψ˜R and Pη = ηξ where ξ = ξ0 for NS states and ξ = Ξ for R states. Recall that
Ĝ is constructed by the path-ordered exponential of a gauge product µ(t) as (3.4). When we
take this gauge product as ξ-exact one µ(t) ≡ ξM (t), the cohomomorphism Ĝ is given by
Ĝ ≡ Pe
∫
dt ξM(t) = I+ ξ
(
M2 +
1
2
M3 +
1
2
M2ξM2 + . . .
)
,
and it satisfies (3.14). This ξ-exact choice of the gauge product is always possible by using
ambiguities of the construction of (intermediate) gauge products µ(t) or setting the initial
condition of the defining equations of the A∞ products in [2]. Note that although a naive
choice of ξ-exact gauge products µ = ξM breaks the ciclic property of the A∞ products M˜ =
Ĝ−1 (Q+m2|2) Ĝ, it is no problem in our Wess-Zumino-Witten-like framework: Q+m2|2 and
η −m2|0 work well in the inner product with appropriate states, namely, in the action.
We would like to emphasize that it does not necessitate the ciclic property of Ĝ or M˜ to
construct the Wess-Zumino-Witten-like complete action. We need the ciclic property of Dη only
(namely, its BPZ oddness), which holds for any choice of Ĝ. Hence, we can always impose (3.13)
in a consistent way with the definitions of pure-gauge-like fields (3.5), (3.6).
Action and gauge invariance
Utilizing pure-gauge-like and associated fields satisfying (3.7), (3.8), (3.11), (3.12), and
(3.13), we construct the Wess-Zumino-Witten-like complete action by S˜[Ψ˜] ≡ Swzw[Ψ˜],
S˜[Ψ˜] =
∫ 1
0
dt
(
〈ξY ∂t(PηA˜
R
η ), QA˜
R
η 〉+ 〈A˜
NS
t , QA˜
NS
η +m2(A˜
R
η , A˜
R
η )〉
)
, (3.15)
which is parametrized by small Hilbert space string fields Ψ˜ = Ψ˜NS+Ψ˜R. As we found in section
2, the variation of the action is given by
δS˜[Ψ˜] = 〈ξY δ(PηA˜
R
η ), QA˜
R
η 〉+ 〈A˜
NS
δ , QA˜
NS
η +m2(A˜
R
η , A˜
R
η )〉, (3.16)
and the action is invariant under two types of gauge transformations: the gauge transformations
parametrized by Λ = ΛNS + ΛR
A˜NSδΛ = QΛ
NS +
[
A˜Rη ,Λ
R
]
∗
,
δΛ(PηA˜
R
η ) = −PηQ
(
ηΛR −
[
A˜NSη ,Λ
R
]
∗
−
[
A˜Rη ,Λ
NS
]
∗
)
,
and the gauge transformations parametrized by Ω = ΩNS
A˜NSδΩ = ηΩ
NS −
[
A˜NSη ,Ω
NS
]
∗
, δΩ(PηA˜
R
η ) = 0.
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Here NS, R, and NS gauge parameter fields ΛNS , ΛR, and ΩNS have ghost-and-picture number
(−1|0), (−1|12 ), and (−1|1), respectively, and these fields all belong to the large Hilbert space.
Note, however, that the gauge transformation δΛ(PηA˜
R
η ) has to be in the restricted small Hilbert
space HR.
Equations of motion
Since the action S˜ has topological t-dependence and its variation is given by (3.16), we obtain
the equations of motion
NS : QA˜NSη [Ψ˜] +m2(A˜
R
η [Ψ˜], A˜
R
η [Ψ˜]) = pi1
(
Q+m2|2
)
Ĝ
1
1− Ψ˜
∣∣∣NS = 0, (3.17)
R : Pη
(
QA˜Rη [Ψ˜]
)
= Pη
(
pi1
(
Q+m2|2
)
Ĝ
1
1− Ψ˜
)∣∣∣R = 0, (3.18)
which is equivalent to (3.1). While the NS out-put of the equations of motion (3.17) is the same
as (3.2), the R out-put (3.18) is equal to the small Hilbert space component of (3.3). Note that
Pξ(QA˜
R
η ) can not be determined from the action because it vanishes in the inner product, and
it does not affect the value of the action. We thus set Pξ(QA˜
R
η ) = 0 and obtain (3.3).
Kinetic term
It is interesting to compare kinetic terms of (3.15) and (1.1). In the present parametrization
of (3.15), the kinetic term of S˜ is given by
−
1
2
〈ξΨ˜NS, QΨ˜NS〉 −
1
2
〈ξY Ψ˜R, QΨ˜R〉.
Note that the Ramond kinetic term is just equal to that of Kunitomo-Okawa’s action. Similarly,
we quickly check that the NS kinetic term is equivalent to that of Kunitomo-Okawa’s action with
the (trivial emmbeding) condition Ψ˜NS = ηΦNS or the (linear partial gauge fixing) condition
ΦNS = ξΨ˜NS. Therefore, the kinetic term of S˜[Ψ˜] has the same spectrum as that of [1].
3.2 WZW-like relation from A∞ and η-exactness
Dual A∞-products and Derivation properties
Let η be the coderivation constructed from η, which is nilpotent η2 = 0, and let a be a
nilpotent coderivation satisfying aη = −(−)aηηa and a2 = 0. Then, we assume that Ĝ−1 :
(H,a) → (HS,Da) is an A∞-morphism, where H is the large Hilbert space, HS is the small
Hilbert space, and Da ≡ Ĝ
−1a Ĝ. Note that Da is nilpotent: D
2
a = (Ĝ
−1a Ĝ)(Ĝ−1a Ĝ) =
Ĝ−1a2 Ĝ = 0. For example, one can useQ, Q+m2|2, and so on for a, and various Ĝ appearing
in [2, 23,24] for Ĝ. Suppose that the coderivation Da also commutes with η, which means
(Da)
2 = 0,
[
Da,η
]
= 0. (3.19)
Then, we can introduce a dual A∞-products D
η defined by
Dη ≡ Ĝη Ĝ−1. (3.20)
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Note that the pair of nilpotent maps (Dη,a) have the same properties as (Da,η):
(Dη)2 = 0,
[
Dη,a
]
= 0. (3.21)
We can quickly find when the A∞-products Da commutes with the coderivation η as (3.19), its
dual A∞-product D
η and coderivation a also satisfies (3.21) as follows
aDη =
(
Ĝ Ĝ−1
)
a
(
Ĝη Ĝ−1
)
= ĜDa η Ĝ
−1
= (−)aηĜηDa Ĝ
−1 = (−)aη Ĝη Ĝ−1 a Ĝ Ĝ−1 = (−)aηDη a.
In this paper, as these coderication a and A∞-morphism Ĝ, we always use a ≡ Q +m2|2
and Ĝ introduced in (3.14), namely, a gauge product Ĝ given by [2] with the choice satisfying
ξ Ĝ = ξ. Therefore, the dual A∞ products is always given by
Dη = η −m2|0, (3.22)
and the symbol Dη always denotes (3.22) in the rest. (See section 6.2 of [2].) Then, the
Maurer-Cartan element of Dη = η −m2|0 is given by
Dη
1
1− A˜
=
1
1− A˜
⊗ pi1
(
Dη
1
1− A˜
)
⊗
1
1− A˜
=
1
1− A˜
⊗ pi1
(
ηA˜−m2|0(A˜, A˜)
)
⊗
1
1− A˜
,
where A˜ = A˜NS+A˜R is a state of the large Hilbert spaceH and pi1 is an natural 1-state projection
onto H. Hence, the solution of the Maurer-Cartan eqiation Dη(1− A˜)−1 = 0 is given by a state
A˜η = A˜
NS
η + A˜
R
η satisfying
ηA˜η −m2|0(A˜η, A˜η) = 0, (3.23)
and vice versa. The solution A˜η = A˜
NS
η + A˜
R
η satisfies (3.23), namely,
NS : ηA˜NSη −m2(A˜
NS
η , A˜
NS
η ) = 0,
R : ηA˜Rη −m2(A˜
NS
η , A˜
R
η )−m2(A˜
R
η , A˜
NS
η ) = 0,
which is just equivalent to the condition (3.7) and (3.8) characterizing NS and R pure-gauge-like
fields A˜NSη and A˜
R
η . As a result, we obtain one of the most important fact the solutions of the
Maurer-Cartan equation of Dη = η −m2|0 gives desired NS and R pure-gauge-like fields.
NS and R pure-gaugel-like fields
When the η-complex (H,η) is exact, there exist ξ such that [[η, ξ]] = 1 and H, the large
Hilbert space, is decomposed into the direct sum of η-exacts and ξ-exacts H = PηH ⊕ PξH,
where Pη and Pξ are projector onto η-exact and ξ-exact states respectively.
5 Note that since
the small Hilbert space HS is defined by HS ≡ PηH and satisfies HS ⊂ PηHS, all the states Ψ˜
belonging to HS satisfy PηΨ˜ = Ψ˜ and PξΨ˜ = 0, or simply,
η Ψ˜ = 0.
5These satisfy P 2η = Pη, P
2
ξ = Pξ, PηPξ = PξPη = 0,and Pη + Pξ = 1 on H.
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Using this fact, we can construct desired pure-gauge-like (functional) fields A˜NSη and A˜
R
η as
solutions of the Maurer-Cartan equation of Dη = η −m2|0. Note that the Maurer-Cartan
equation consists of NS and R out-puts
NS : pi1D
η 1
1− A˜η
∣∣∣NS = pi1Dη 1
1− A˜NSη
= 0,
R : pi1D
η 1
1− A˜η
∣∣∣R = pi1Dη( 1
1− A˜NSη
⊗ A˜Rη ⊗
1
1− A˜NSη
)
= 0,
where the upper index of | denotes the NS or R projection: for any state A˜ = A˜NS+A˜R ∈ H, the
NS projection A˜|NS is defined by A˜|NS ≡ A˜NS and the R projection A˜|R is defined by A˜|R ≡ A˜R.
An NS pure-gauge-like (functional) field A˜NSη = A˜
NS
η [Ψ˜] is given by
A˜NSη ≡ pi1Ĝ
1
1− Ψ˜
∣∣∣NS = pi1Ĝ 1
1− Ψ˜NS
because it becomes a trivial NS state solution of the Maurer-Cartan equation as follows
Dη
1
1− A˜NSη
=Dη
1
1− pi1Ĝ
1
1−Ψ˜NS
=Dη Ĝ
1
1− Ψ˜NS
= Ĝη
1
1− Ψ˜NS
= Ĝ
( 1
1− Ψ˜NS
⊗ ηΨ˜NS ⊗
1
1− Ψ˜NS
)
= 0.
Note that pi1D
η(1− A˜NSη )
−1 = 0 is equal to
η A˜NSη −m2(A˜
NS
η , A˜
NS
η ) = 0.
Similarly, a R pure-gauge-like (functional) field A˜Rη = A˜
R
η [Ψ˜] is given by
A˜Rη ≡ pi1Ĝ
1
1− Ψ˜
∣∣∣R = pi1Ĝ( 1
1− Ψ˜NS
⊗ Ψ˜R ⊗
1
1− Ψ˜NS
)
because it becomes a trivial R state solution of the Maurer-Cartan equation as follows
Dη
( 1
1− A˜NSη
⊗ A˜Rη ⊗
1
1− A˜NSη
)
=Dη Ĝ
( 1
1− Ψ˜NS
⊗ Ψ˜R ⊗
1
1− Ψ˜NS
)
= Ĝη
( 1
1− Ψ˜NS
⊗ Ψ˜R ⊗
1
1− Ψ˜NS
)
= 0.
Hence, the R state solution A˜Rη satisfies
η A˜Rη −
[
A˜NSη , A˜
R
η
]
∗
= 0.
Note that [[A˜NSη , A˜
R
η ]]∗ = m2(A˜
NS
η , A˜
R
η ) +m2(A˜
R
η , A˜
NS
η ).
Shift of the dual A∞ products D
η
We introduce the A˜η-shifted products [B1, . . . , Bn]
η
A˜η
defined by
[
B1, . . . , Bn
]η
A˜η
≡ pi1D
η
( 1
1− A˜η
⊗B1 ⊗
1
1− A˜η
⊗ · · · ⊗
1
1− A˜η
⊗Bn ⊗
1
1− A˜η
)
. (3.24)
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Note that higher shifted products all vanish [B1, . . . , Bn>2]
η
A˜η
= 0 because now we consider
Dη ≡ η −m2|0. In particular, we write DηB for [B]
η
Aη
:
DηB ≡ pi1D
η
( 1
1− A˜η
⊗B ⊗
1
1− A˜η
)
, (3.25)
or equivalently, for A˜η = A˜
NS
η + A˜
R
η and B = B
NS +BR,
NS : DηB
∣∣NS = ηBNS − [ A˜NSη , BNS] ∗,
R : DηB
∣∣R = ηBR − [ A˜NSη , BR] ∗ − [ A˜Rη , BNS] ∗.
When A˜η gives a solution on the Maurer-Cartan equation of Dη, these A˜η-shifted products also
satisfy A∞-relations, which implies that the linear operator Dη becomes nilpotent. We find
(Dη)
2B = pi1D
η
( 1
1− A˜η
⊗ pi1D
η
( 1
1− A˜η
⊗B ⊗
1
1− A˜η
)
⊗
1
1− A˜η
)
= pi1(D
η)2
1
1− A˜η
−
[
pi1D
η
( 1
1− A˜η
)
, B
] η
∗A˜η
= 0.
NS and R associated fields
Let d be a coderivation constructed from a derivation d of the dual A∞-products D
η, which
implies that the d-derivation propery [[d,Dη]] = 0 holds. Then, we obtain [[Dd,η]] = 0 with
Dd ≡ Ĝ
−1 d Ĝ, which means that Dd is “η-exact” and there exists a coderivation ξd such that
Dd = Ĝ
−1 d Ĝ = (−)d[[η, ξd]]. (3.26)
Using this coderivation ξd, we can construct NS and R associated fields constructed from the
derivation operator d. Note that the response of d acting on the group-like element of A˜η =
A˜NSη + A˜
R
η is given by
(−)dd
1
1− A˜η
= (−)dGG−1 dG
1
1 − Ψ˜
= Gη ξd
1
1− Φ˜
=Dη G
(
ξd
1
1− Ψ˜
)
=Dη
( 1
1− A˜η
⊗ pi1G
(
ξd
1
1− Ψ˜
)
⊗
1
1− A˜η
)
. (3.27)
An NS associated (functional) field A˜NSd = A˜
NS
d [Ψ˜] of d is given by
A˜NSd ≡ pi1G
(
ξd
1
1− Ψ˜
)∣∣∣NS
because one can directly check
(−)dd
1
1− A˜NSη
= (−)dd
1
1− A˜η
∣∣∣NS =Dη( 1
1− A˜η
⊗ pi1G
(
ξd
1
1− Ψ˜
)
⊗
1
1− A˜η
)∣∣∣NS
=Dη
( 1
1− A˜NSη
⊗ pi1G
(
ξd
1
1− Ψ˜
)∣∣∣NS ⊗ 1
1− A˜NSη
)
.
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Picking up the relation on H, or equivalently acting pi1 on this relation on T (H), we obtain
(−)dd A˜NSη = η A˜
NS
d −
[
A˜NSη , A˜
NS
d
]
∗
,
which is the simplest case of (−)ddA˜η = pi1D
η-exact term.
Similarly, an R associated (functional) field A˜Rd = A˜
R
d [Ψ˜] of d is given by
A˜Rd ≡ pi1G
(
ξd
1
1− Ψ˜
)∣∣∣R
because one can directly check
(−)dd A˜Rη = pi1(−)
dd
1
1− A˜η
∣∣∣R = pi1Dη( 1
1− A˜η
⊗ pi1G
(
ξd
1
1− Ψ˜
)
⊗
1
1− A˜η
)∣∣∣R
= η pi1G
(
ξd
1
1− Ψ˜
)∣∣∣R − [ A˜NSη , pi1G(ξd 1
1− Ψ˜
)∣∣∣R]
∗
−
[
A˜Rη , pi1G
(
ξd
1
1− Ψ˜
)∣∣∣NS]
∗
= ηA˜Rd −
[
A˜NSη , A˜
R
d
]
∗
−
[
A˜Rη , A˜
NS
d
]
∗
.
We obtain (−)ddA˜Rη = D
NS
η A˜
R
d + [[A˜
R
η , A˜
NS
d ]]∗, namely, (−)
ddA˜η = piD
η-exact terms.
We checked that A˜NSη , A˜
R
η defined by (3.5), (3.6) and A˜
NS
d , A˜
R
d defined by (3.9), (3.10) indeed
satisfy WZW-like relations (3.7), (3.8), (3.11), and (3.12). Namely, (3.15) is consistent.
3.3 Equivalence of EKS and KO theories
In section 2, for given dynamical string field ϕ, using functional fields Aη[ϕ] parametrized by ϕ,
we proposed the Wess-Zumino-Witten-like complete action
Swzw[ϕ] = −
∫ 1
0
dt 〈A∗t , QAη +m2|2(Aη,Aη)〉,
where Aη ≡ A
NS
η +A
R
η and A
∗
t ≡ A
NS
t + ξY ∂t(PηA
R
η ) = (Fξ + Y ξ)∂tAη.
We found that one realization of this WZW-like complete action is given by setting
ANSη [Φ
NS] :=
(
ηeΦ
NS)
e−Φ
NS
≡ ANSη , A
R
η [Φ
NS,ΨR] := FΨR ≡ ARη , (3.28)
which is just Kunitomo-Okawa’s action proposed in [1]. This is the WZW-like theory Swzw =
Swzw[Φ
NS,ΨR] parametrized by ϕ|NS = ΦNS, ϕ|R = ΨR. Another realization of the action, which
was proposed in section 3.1 and checked in section 3.2, is given by setting
ANSη [Ψ˜] := pi1Ĝ
1
1− Ψ˜
∣∣∣NS ≡ A˜NSη , ARη [Ψ˜] := pi1Ĝ 1
1− Ψ˜
∣∣∣R ≡ A˜Rη , (3.29)
which reproduces the Ramond equations of motion proposed in [2]. This is the WZW-like theory
Swzw = Swzw[Ψ˜] parametrized by ϕ = Ψ˜. Note also that the kinetic terms of (1.1) and (3.15)
have the same spectrum. As a result, we obtain the equivalence of two theories proposed in [1]
and [2], which are different parametrizations of (2.30). See also [3, 11].
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In other words, since both (3.28) and (3.29) have the same WZW-like structure and gives
the same WZW-like action (2.30), we can identify Aη = A
NS
η + A
R
η and A˜η = A˜
NS
η + A˜
R
η in the
same way as [3]. Then, the identification of pure-gauge-fields
Aη =
(
ηeΦ
NS)
e−Φ
NS
+ FΨR ∼= pi1Ĝ
1
1− Ψ˜
∣∣∣NS + pi1Ĝ 1
1− Ψ˜
∣∣∣R = A˜η (3.30)
trivially provides the equivalence of two actions (1.1) and (3.15): The single functional form of
(2.36) gives the equivalence of two theories. When we use the WZW-like form of (2.30), it seems
that (3.30) indirectly gives the equivalence and does not directly give a field redefinition between
two theories. A partial gauge fixing ΦNS = ξΨNS is necessitated to directly relate (ΨNS,ΨR)
and (Ψ˜NS, Ψ˜R). See also [4–6,11]. Similarly, as demonstrated in [5], if we start with
At =
(
∂te
ΦNS
)
e−Φ
NS
+ FΞ
(
∂tΨ
R −
[ (
∂te
ΦNS
)
e−Φ
NS
, FΨR
]
∗
)
∼= pi1Ĝ
(
ξt
1
1− Ψ˜
)∣∣∣NS + pi1Ĝ(ξt 1
1− Ψ˜
)∣∣∣R = A˜t, (3.31)
we can quickly read a field redefinition of (ΦNS,ΨR) and (Φ˜NS, Ψ˜R) in the large Hilbert space
for NS fields and in the restricted small space for R fields with a trivial up-lift Ψ˜NS = ηΦ˜NS.
One can check that the same logic used for the NS sector in [5] also goes in the case including
the R sector because WZW-like relations exist as we explained, which is in appendix A.
4 Conclusion
In this paper, we have clarified a Wess-Zumino-Witten-like structure including Ramond fields
and proposed one systematic way to construct gauge invariant actions, which we call WZW-like
complete action. In this framework, once a WZW-like functional Aη = Aη[ϕ] of some dynamical
string field ϕ is constructed, one obtain one realization of our WZW-like complete action Swzw[ϕ]
parametrized by ϕ. On the basis of this way, we have constructed an action S˜ whose on-shell
condition is equivalent to the Ramond equations of motion proposed in [2]. In particular, this
action S˜ = Swzw[Ψ˜] and Kunitomo-Okawa’s action SKO = Swzw[Φ
NS,ΨR] proposed in [1] just
give different parametrizations of the same WZW-like structure and action, which implies the
equivalence of two theories [1, 2]. Let us conclude by discussing future directions.
Closed superstring field theories
It would be interesting to extend the result of [1] to closed superstring field theories [49].
We expect that our idea of WZW-like structure and action also goes in heterotic and type II
theories if the kinetic terms are given by the same form. Then, we need explicit expressions of
Dη and l, where Dη is a dual L∞ structure of the original L∞ products L˜ = Ĝ
−1 l Ĝ given
in [2]. NS and NS-NS parts of these dual A∞/L∞ structures are discussed in [11].
Quantization and Supermoduli
We would have to quantize the (WZW-like) complete action and clarify its relation with
supermoduli of super-Riemann surfaces [35–39] to obtain a better understandings of superstrings
from recent developments in field theoretical approach. The Batalin-Vilkovisky formalism [43,44]
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is one helpful way to tackle these problems: A quantum master action is necessitated. As a first
step, it is important to clarify whether we can obtain an A∞-morphism Ĝ which has the cyclic
property consistent with the XY -projection. If it is possible, the resultant action would have an
A∞ form and then the classical Batalin-Vilkovisky quantization is straightforward. A positive
answer is now provided in [50] for open superstring field theory without stubs. It would also be
helpful to clarify more detailed relations between recent important developments.
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A Basic facts and some identities
We summarize important properties of the BPZ inner product and give proofs of some relations
which we skipped in the text.
BPZ properties
The BPZ inner product 〈A,B〉 in the large Hilbert space of any A,B ∈ H has the following
properties with the BRST operator Q and the Witten’s star product m2:
〈A,B〉 = (−)AB〈B,A〉,
〈A,QB〉 = −(−)A〈QA,B〉,
〈A,m2(B,C)〉 = (−)
A(B+C)〈B,m2(C,A)〉.
Note also that with a projector onto η-exact states Pη and Pξ = 1 − Pη and the zero mode of
η ≡ η0 of η(z)-current, the BPZ inner product satisfies
〈PηA,B〉 = 〈A,PξB〉,
〈A, ηB〉 = (−)A〈ηA,B〉.
Similarly, for any states in the restricted small space AR, BR ∈ HR, the bilinear 〈ξY A
R, BR〉
has the following properties:
〈ξY AR, QBR〉 = (−)AB〈ξY BR, AR〉,
〈ξY AR, QBR〉 = −(−)A〈ξY QAR, BR〉.
Associated fields in Kunitomo-Okawa theory
In the work of [1], for any state B ∈ H, the linear map F is defined by
FB ≡
∞∑
n=0
(
Ξ
[
ANSη ,
]
∗
)n
B =
1
1− Ξ(η −DNSη )
B,
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where DNSη B = ηB− [[A
NS
η , B]]∗ and (D
NS
η )
2 = 0. Thus, its inverse is given by F−1 = ηΞ+ΞDNSη ,
which provides ηF−1 = F−1DNSη or equivalently, FηF
−1 = DNSη , and thus [[D
NS
η , FΞ]]∗ = 1.
Then, we find that ARη ≡ FΨ
R satisfies DNSη A
R
η = 0 as follows:
ARη ≡ FΨ
R = FηξΨR = DNSη FΞΨ
R = DNSη FΞA
R
η .
With F−1 = ηΞ + ΞDNSη and [[d, η]] = 0, a derivation d acts on the state FΨ as
d(FΨ) = F (dΨ)− F [[d, F−1]]FΨ
= F (dΨ)− F [[d, ηΞ]]FΨ − F [[d,ΞDNSη ]]FΨ
= F (dΨ)− (−)dF
(
η[[d,Ξ]] + (−)d[[d,Ξ]]DNSη
)
FΨ+ FΞDNSη [[A
NS
d , FΨ]]∗
= DNSη FΞ
(
dΨ− [[ANSd , FΨ]]∗ − (−)
dη[[d,Ξ]]FΨ
)
+ [[ANSd , FΨ]]∗,
where Ψ is an arbitrary state. We thus obtain
(−)ddARη = D
NS
η A
R
d − [[A
R
η , A
NS
d ]]∗
where ARη ≡ FΨ
R is an R pure-gauge-like field and an R associated field ARd is defined by
ARd ≡ FΞ
(
(−)ddΨR + [[ARη , A
NS
d ]]∗ + η[[d,Ξ]]A
R
η
)
.
The original form of Kunitomo-Okawa’s action
The original form of Kunitomo-Okawa’s complete action is
S[ΦNS,ΨR] = −
1
2
〈ξYΨR, QΨR〉 −
∫ 1
0
dt 〈ANSt , QA
NS
η +m2(A
R
η , A
R
η )〉,
where ARη = F (t)Ψ
R. Note that F (t) satisfies F (t = 0) = 0 and F (t = 1) = F . Using the cyclic
property of the star product m2, A
R
η = D
NS
η F (t)ΞA
R
η , and [[D
NS
η , FΞ]] = 1, we find
−
∫ 1
0
dt 〈ANSt ,m2(A
R
η , A
R
η )〉 =
1
2
∫ 1
0
dt 〈ARη , [[A
NS
t , A
R
η ]]∗〉 =
1
2
∫ 1
0
dt 〈DNSη F (t)ΞΨ, [[A
NS
t , A
R
η ]]∗〉
=
1
2
∫ 1
0
dt 〈ΨR, F (t)ΞDNSη [[A
NS
t , A
R
η ]]∗〉 =
1
2
∫ 1
0
dt 〈ΨR, ∂t(F (t)Ψ
R)〉
=
1
2
〈ΨR, FΨR〉 = −
1
2
〈ξY ΨR, ηXFΨR〉.
Note also that XYΨR = ΨR and ηξΨR = ΨR. Hence, we find that
−
1
2
〈ξYΨR, QΨR〉 −
∫ 1
0
dt 〈ANSt ,m2(F (t)Ψ
R, F (t)ΨR)〉 = −
1
2
〈ξY ΨR, QΨR + ηXFΨR〉
= −
1
2
〈ξY ΨR, QFΨR〉. (A.1)
As we explained in section 1.1, this is equal to (1.1).
Identification of At ∼= A˜t provides Aη = A˜η
We check that the identification At = A
NS
t +A
R
t and A˜t = A˜
NS
t +A˜
R
t provide a field redefinition
of (ΦNS,ΨR) and (Φ˜NS, Ψ˜R) with Ψ˜NS = ηΦ˜NS. We start is At − A˜t = 0. Then the relation
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η(At − A˜t) = 0 automatically holds. Recall that we have WZW-like relation ∂tAη = DηAt and
∂tA˜η = D˜ηAt where DηB = ηB − m2|0(Aη , B) − (−)
AηBm2|0(B,Aη). Therefore, using these
WZW-like relations and the identification At = A˜t, one can rewrite η(At − A˜t) = 0 as
∂t(Aη − A˜η) = m2|0
(
Aη − A˜η, At
)
−m2|0
(
At, Aη − A˜
)
. (A.2)
For brevity, we define INS(t) ≡ ANSη (t)− A˜
NS
η (t) and I
R(t) ≡ ARη (t)− A˜
R
η (t). Note that the t = 0
values Aη(t = 0) = A˜η(t = 0) = 0 gives the initial conditions I
NS(t = 0) = 0 and IR(t = 0) = 0.
Then, the NS output state and R output state of (A.2) can be separated as
NS :
∂
∂t
INS(t) =
[
INS(t), ANSt (t)
]
∗
, (A.3)
R :
∂
∂t
IR(t) =
[
IR(t), ANSt (t)
]
∗
+
[
INS(t), ARt (t)
]
∗
. (A.4)
The initial condition INS(t = 0) = 0 provides the solution INS(t) = 0 of the differential equation
(A.3), which means ANSη = A˜
NS
η . Then, the R output equation (A.4) reduces to
R :
∂
∂t
IR(t) =
[
IR(t), ANSt (t)
]
∗
and the initial condition IR(t = 0) = 0 also provides the solution IR(t) = 0, which implies
ARη = A˜
R
η . As a result, under the identification At
∼= A˜t, we obtain Aη = A˜η.
Field relation of (ΦNS,ΨR) and (Φ˜NS, Ψ˜R)
Under the identification At ∼= A˜t, we obtained Aη = A˜η, which provides
1
1−Aη
⊗At ⊗
1
1−Aη
= Ĝ
1
1− Ψ˜
⊗ ξtΨ˜⊗
1
1− Ψ˜
, (A.5)
where Ψ˜ = ηΦ˜NS + Ψ˜R and ξt = ξ∂t. One can read the NS and R outputs of (A.5) as
NS : Φ˜NS = pi1
∫ 1
0
dt
(
Ĝ−1
1
1−Aη(t)
⊗At(t)⊗
1
1−Aη(t)
)∣∣∣NS, (A.6)
R : Ψ˜R = pi1 η
∫ 1
0
dt
(
Ĝ−1
1
1−Aη(t)
⊗At(t)⊗
1
1−Aη(t)
)∣∣∣R. (A.7)
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